Abstract. In this paper we consider the fractional tangent bundle on a differentiable manifold. A fractional Leibniz structure on an algebroid is defined.The fractional dynamical system on a fractional Leibniz algebroid is defined and it is discussed. Some illustrative examples are presented.
Introduction
The theory of derivative of noninteger order goes back to Leibniz, Liouville, Riemann, Grunwald and Letnikov. Derivatives of fractional order have found many applications in recent studies in mechanics, physics, economics, medicine.Classes of fractional differentiable systems have studied in [10] , [4] .
In the first section the fractional tangent bundle to a differentiable manifold is defined, using the method of Radu Miron's from [8] . In this paper the fractional dynamical systems on fractional Leibniz algebroids are presented. The associated geometrical objects have an geometric character. Also, some examples for fractional dynamical systems of this type are given. 
where m ∈ N * such that m − 1 ≤ α ≤ m, Γ is the Euler gamma function and (
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where E α,h is the Mittag -Leffler 's function:
2 Let α ∈ R, α > 0 and M be a manifold of dimension n and U a local chart on M. We say that the curves c 1 , c 2 :
The set of equivalences classes ([c] α x 0 ) is called the fractional tangent space in x 0 and it is denoted by T
there exists a differentiable structure and we can prove that (T α (M), π α , M) is a differentiable bundle. In a system of local coordinates on M, if x 0 ∈ U and c : I → M is a curve given by x i = x i (t), (∀)t ∈ I, the class ([c] α x 0 ) is given by:
On the open set (
where:
, [2] ) Let U, U be two local charts on M such that U ∩ U = ∅ and
the coordinate transformations. The coordinate transformations on (π α ) −1 (U∩ U ) are given by:
and D α x i is defined by:
follows:
We denote by X α (U) the module of fractional vector fields generated by the operators {D α x i , i = 1, n}. A fractional vector field α X ∈ X α (U) has the following form:
which for a change of local charts, the correspondent components satisfies the relations:
The fractional differentiable equations associated to fractional vector field α X is:
or equivalently ( using the notation (8)):
The fractional differential equations (17) with initial conditions have solutions, see [3] . Examples of fractional differentiable equations on R can be find in [4] .
3
Fractional Leibniz dynamical systems
Let the module X α (U) of fractional vector fields generated by the operators {D α x i , i = 1, n} and the module D α (U) generated by the 1− forms {d(x i ) α , i = 1, n}. Applying the Proposition 2.2 it follows:
Let be a fractional 2− contravariant tensor field
is called the fractional Leibniz bracket.
it follows
Similarly, one obtain
The
α ) is a fractional almost Poisson manifold. If α → 1, then one obtain the concept from [6] .
is called the fractional Leibniz vector field associated to h. The fractional dynamical system associated to
If (x i ), i = 1, n is a system of local coordinates on M, then the fractional Leibniz dynamical system is given by
Example 3.1. Let the constant fractional 2− contravariant tensor
where s 1 , s 2 , s 3 ∈ {−1, 1} and γ 1 , γ 2 , γ 3 satisfies the relation
If α → 1, it follows the system (7) in [10] .
2 Let α P be a skew-symmetric fractional 2− contravariant tensor field and a non-degenerate symmetric fractional 2− contravariant tensor field
The 4− tuple (M,
Example 3.2. Let be the fractional 2 -contravariant tensors fields
and the function h ∈ C ∞ (R 3 ) given by :
Let be two fractional 2 -contravariant tensors fields
The fractional vector field
is called the fractional almost Leibniz vector field associate to the functions
Locally, the fractional almost Leibniz dynamical system is given by:
Example 2.3. Let be the fractional 2 -contravariant tensors fields
given by :
the system (34) becomes:
The system (35) is called the fractional Maxwell-Bloch equations. If in (35) we take α → 1, then one obtain the Maxwell-Bloch equations.
Fractional Leibniz algebroids
Let M be a smooth manifold of dimension n , let π : E → M be a vector bundle and π * : E * → M the dual vector bundle. By Sec(M, E) or Sec(π) we denote the sections of π.
A fractional Leibniz algebroid structure on a vector bundle π : E → M is given by a bracket ( bilinear operation ) [·, ·] α on the space of sections Sec(π) and two vector bundle morphisms 
for all σ 1 , σ 2 ∈ Sec(π) and f, g ∈ C ∞ (M). A vector bundle π : E → M endowed with a fractional Leibniz algebroid 
In a system of local coordinates the relation (36) reads:
If
In the following, we establish a correspondence between the fractional Leibniz algebroid structures on the vector bundle π : E → M and the fractional 2-contravariant tensor fields on bundle manifold E * of the dual vector bundle π * : E * → M. For a given section σ ∈ Sec(π), we define the function i E * σ on E * by the relation :
where < ·, · > is the canonical pairing between E and E * . If σ = σ a e a and a ∈ E * has the coordinates (x i , ξ a ), then:
Let α Λ be a fractional 2 -contravariant tensor field on E * and the bracket [·, ·]α Λ of functions defined by:
where
In the basis {D α x i , D β ξa }, i = 1, n, a = 1, m of the module X αβ (π * −1 (U)), the components Λ αβ are given by:
For a given fractional 2 -contravariant tensor field
It follows that 
for all σ, σ 1 , σ 2 ∈ Sec(π) and f ∈ C ∞ (M). Let (x i ), i = 1, n be a local coordinate system on U ⊆ M and let {e 1 , . . . , e m } be a basis of local sections of E| U ( dim M = n, dim E = n + m ). We denote by {e 1 , . . . , e m } the dual basis of local sections of E * | U and (x i , y a ) ( resp., (x i , ξ a ) ) the corresponding coordinate system on E ( resp., E * ). on E * has the form:
The correspondence between α Λ β and a fractional Leibniz algebroid structure is given by the following relations :
We call a fractional dynamical system on the fractional Leibniz algebroid π : E → M , the fractional dynamical system associated to vector field
In a system of local coordinates (x i , ξ a ) on E * , the dynamical system (47) is given by :
If α → 1, β → 1, dynamical system (48) was studied in [6] . If α → 1 dynamical system (48) has the form:
If β → 1 dynamical system (48) has the form:
If the fractional Leibniz algebroid is a fractional pre -Lie algebroid ( that is, C 
If the fractional Leibniz algebroid is a fractional symmetric algebroid ( that is,C d ab = C d ba ) , then the fractional dynamical system (48) is given by: 
Using the calculus formulas: From the above matrix equations follows the fractional dynamical system:
The fractional dynamical system (54) is the (α, β)− fractional dynamical system associated to fractional Maxwell-Bloch equations.
2 Conclusion. The numerical integration of the fractional systems presented in this paper will be discussed in future papers.
